We solve the problem of mass spectra characteristics in a double-symmetric theory of fields which transform as proper Lorentz group representations decomposable into infinite direct sums of finite-dimentional irreducible representations. It is shown that there exists a region of free parameters of the theory where the mass spectra of fermions are quite satisfactory from the physical point of view and correspond to a picture expected in the parton model of hadrons.
Introduction
Models of composite hadrons, changing and becoming complicated, have eventually found their realization in quantum chromodynamics (QCD). QCD enables us to achieve a good description of those processes mainly which are mediated by virtual gluons with large enough 4-momenta squared. If this condition is not satisfied, QCD is either supplemented or replaced by phenomenological constructions. These circumstances justify the search for and the analysis of alternative approaches to the description of hadrons and their interactions.
We share in a repeatedly expressed hope [1] [2] [3] [4] [5] that composite systems can have effective description in terms of suitable infinite-component monolocal fields. But the research in this direction carried out before was only limited to the fields which transform as representations of the proper Lorentz group L ↑ + decomposable into finite direct sums of infinite-dimentional irreducible representations. It was shown that the theory of such fields has a lot of properties, including general characteristics of the mass spectra, which are unacceptable in particle physics. Their brief description can be found in Ref. [6] . Until recently, there was no research of the theory of fields, which transform as proper Lorentz group representations decomposable into infinite direct sums of finitedimentional irreducible representations (we call such fields the ISFIR-class fields). The main obstacle to this was the infinite number of arbitrary constants in relativistically invariant Lagrangians of the free ISFIR-class fields of the form
and in the corresponding Gelfand-Yaglom equations [7] [8] . A group theoretical approach to the elimination of this arbitrariness was proposed in Ref. [6] . It consists in imposing the requirement that Lagrangian (1) be posessing an additional symmetry, named the secondary symmetry. The physical and mathematical formulation of the concept of double symmetry, consisting of the primary and secondary symmetry, was given in Ref. [9] . The double symmetry can be considered as some generalization of such well-known symmetries as supersymmetry and the symmetry of the Gell-Mann-Levy σ-model [10] . It is based on a twofold use of representations of the primary-symmetry group G of a physical theory. On one hand, some field Ψ(x) of the theory undergoes global transformations of the G-group representation S. On the other hand, the global or local transformations of the secondary symmetry, whose parameters belong to the space of the G-group representation T , which is chosen at our discretion, also operate on the same field. It is possible to say, that any initial group G comprises the sources of a countless set of the secondary and double symmetries.
The secondary symmetry of Lagrangian (1), used in Ref. [6] , is generated by the transformations
in which the parameters θ µ are the polar or axial 4-vectors of the orthochronous Lorentz group L ↑ , and the operators D µ have matrix realization. Involved into consideration are the L ↑ + -group representations, in whose decomposition the multiplicity of each finitedimentional irreducible representation does not exceed unity. This restriction together with the requirement of the double invariance of Lagrangian (1) has resulted in Ref. [6] in the selection of a countable set of variants of the ISFIR-class field theory, each of which is characterized by a fully definite L ↑ + -group representation, by a definite (up to a normalization factor) 4-vector operators Γ µ and D µ , and have the property that the operator R is a multiple of the identity operator E.
According to the Coleman-Mandula theorem [11] concerning the Lorentz-group extension, the mass spectrum in each of the variants of the infinite-component field theory with a double symmetry is infinitely degenerate with respect to spin, if it is not empty. To avoid such a degeneracy, a spontaneous secondary-symmetry breaking is postulated in Ref. [12] , namely, it is supposed that the scalar (with respect to the group L ↑ ) components of one or several bosonic infinite-component ISFIR-class fields have nonzero vacuum expectation values λ i (the index i can denote, for example, a component of some representation of the internal-symmetry group SU(3)). In the present letter we suppose that the mass term in the Lagrangian of the free fermionic field determinated by the operator R is completely caused by spontaneous breaking of the secondary symmetry.
The operators Q (0,1)00 i come in relation (3) from the interaction Lagrangian
All the necessary information about the used notions, notation and the operators related to the Lorentz group can be found in Ref. [6] . The primary source of this information is the paper [7] and the monography [8] which has arisen on the basis of that paper, where all irreducible representations of the proper and orthochronous Lorentz group and all linear relativistically invariant equations and their corresponding Lagrangians are found and elegantly described.
where ψ(x) is fermionic field, ϕ and on their matrix elements are solved in Ref. [12] at imposing the requirement that initially Lagrangian (4) must also have the double symmetry: the relativistic invariance and the invariance with respect to the secondary-symmetry transformations (2), generated by the polar or axial 4-vector representation of the orthochronous Lorentz group.
On the basis of the results of Refs. [6] and [12] , in the present letter, we solve the first physical problem of the double-symmetric theory of the fermionic ISFIR-class fields, namely, the problem of the general properties of the mass spectra. The obtained results show that we have found the first samples of the relativistically invariant theory of infinite-component fields. Their mass spectra are quite satisfactory from the physical point of view and, in the qualitative plan, correspond to a picture, typical for the parton model of hadrons. In the variants of the theory with one free parameter, a region of this parameter is found in which, firstly, the mass spectrum is discrete; secondly, every value of spin is assigned a countable set of masses; and, thirdly, the minimal mass value for a given spin grows with the spin up to infinity. In addition to the principal task of the letter, in some variant of the theory with three free parameters, a quantitative comparison between the theoretical mass spectrum and nucleon resonance levels is carried out. This comparison plays the role of the first approximation, it has nontrivial aspects and can be estimated as satisfactory.
2. The equations and conditions for the particle state vectors described by the ISFIR-class fields
The subject of our analysis is the linear relativistically invariant equations for free fermionic ISFIR-class fields
corresponding to Lagrangian (1). For a field which is described by the flat wave with zero spatial wave vector ψ(x) = exp(−iMt)ψ M 0 , the equation (5) is reduced to the form
At each admissible value of the spin and its third projection, equation (6) represents one or several recurrent relations for the components of the infinite-component field ψ M 0 . At any value of M, these relations in themselves give one or several linearly independent solutions up to a numerical factor. Would equation (6) play the role of a closed mathematical task it would, most likely, be supplemented with the normalization condition for its solutions. However, in particle physics, we are not as much interested in the fields, as in the amplitudes of the processes, which are expressed through the currents of the form (ψ M 0 , Oψ M p ) in the considered theory. The field vector ψ M p is obtained from the vector ψ M 0 as a result of a transition from one reference system to another which transforms the wave 4-vector {M, 0, 0, 0} into the 4-vector {E, 0, 0, p}. Any of the matrix operators of the theory can play the role of the operator O: Q
In turn, the currents (ψ M 0 , Oψ M p ) are expressable as infinite series whose terms are quadratic in the components of vectors ψ M 0 and are linear in the matrix elements of finite transformations of the proper Lorentz group. In this connection, instead of a normalization condition for solutions of the equation (6), we introduce a more rigid requirement of the convergence of the appearing series which we will call the condition of finiteness of the amplitudes. Matrix elements of any of the mentioned operators O, coupling the irreducible representation τ = (±1/2, l 1 ) with
(n ′ and n ′′ are integers), have at l 1 → +∞ the asymptotic behaviour of the form l β 1 , where β is a constant. Taking this into account together with the asymptotic behaviour of the field vector components ψ M 0 and ψ M p at l 1 → +∞, which we will obtain later in the present letter, one can show that, at any fixed value of M, the series corresponding to listed currents do either all converge or all diverge. Therefore, we formulate the condition of finiteness of the amplitudes for any values p as the relation
where a(p) is a nonzero number. Every field vector ψ M 0 , which satisfies the equation (6) and relation (7) or (8), and only that vector will be called the state vector of a particle with the mass M belonging to the disrete or continuous part of the mass spectrum, respectively.
Using the formula (19) given below and a suitable analogue of the formula (18), we can easily see that, if the relation (8) is fulfilled at some value p = p 0 , it cannot be fulfilled at p > p 0 . Thus, the mass spectrum cannot have continuous part in the considered theory of the ISFIR-class fields.
The condition of finiteness of the amplitudes (7) or (8) at p = 0 is reduced to the normalization condition for solutions of the equation (6) . We note here, that the condition of finiteness of the amplitudes and the normalization condition for solutions result in identical mass spectra in all variants of the theory considered further in the points 4 -6 of the letter. In some variants of the theory considered in the point 3, there is a nonempty discrete mass spectrum at the fulfilment of the normalization condition for solutions of equation (6), while the requirement of finiteness of the amplitudes results in the empty mass spectrum.
List the results of Refs. [6] and [12] , that concern the considered double-symmetric theory of the ISFIR-class fields with spontaneous breaking of the secondary symmetry and are necessary to us.
The L ↑ + -group representation S, under which the field transforms, must coincide with one of the infinite-dimentional representations
In the S k 1 -representation space, the operator Γ 0 is given by the relations
where ξ (l 0 ,l 1 )lm is the canonical-basis vector of space of the irreducible representation τ = (l 0 , l 1 ) ∈ S k 1 and c 0 is an arbitrary real constant. The function D(j) of half-integer argument j is given by the formula
if the secondary symmetry of the theory is generated by the polar 4-vector representation of the group L ↑ (Colorally 1 of Ref. [6] ), and by the formula
if the secondary symmetry of the theory is generated by the axial 4-vector representation of the group L ↑ (Colorally 2 (part 2) of Ref. [6] ). For the operator R in the representation space of S k 1 , the same relations are valid in both considered variants of the secondary symmetry of the theory
where (2) is nontrivial, and the bosonic field is real, then H B i < 0. If the transformation (2) of the bosonic field is trivial, then z i = 2, the operator Q (0,1)00 i is a multiple of the identity operator E, and the existence of nonzero vacuum expectation value of this field has no influence on the secondary symmetry.
In what follows, we will deal only with fermionic fields which transorm according to the "lowest" of the representations S k 1 (9) of the proper Lorentz group, namely, according to the representation S 3/2 , whose decomposition contains all those and only those finitedimentional irreducible representations which have the spin 1/2. The solution of the recursive relations (15) for this representation (k 1 = 3/2) was given in Ref. [12] in terms of Gegenbauer polynomials and in terms of hypergeometrical series. It appears, that this solution can be expressed also in terms of elementary functions
where
, and w i = (z i − z 2 i − 4)/2. In accordance with formulas (10) and (13) the operators Γ 0 and R are diagonal with respect to the spin index l and the spin-projection index m, and their matrix elements do not depend on m. Therefore, a certain value of spin and its projection can be assigned to each vector ψ M 0 satisfying the equation (6) . The components of this vector can be taken independent of m. The linearly independent solutions of equation (6) can be chosen so that they had certain P -parity. Let us recall, that P ξ (±1/2,l 1 )lm = (−1)
, having the Pparity (−1) l−1/2 , satisfies the equation (6) at M = M 0 and the condition (7), then the vector
l+1/2 , satisfies the condition (7) and the equation (6) too, but at M = −M 0 .
In the space of the L ↑ + -group representation S 3/2 , equation (6) for the field vector components (ψ M 0 ) (±1/2,l 1 )lm ≡ χ lm (l 1 ) with the spatial parity (−1) l−1/2 takes the form
where l 1 ≥ l, r(l 1 ) ≡ r(±1/2, l 1 ). Let us write the relativistically invariant bilinear form from the relation (7) in terms of vector components χ lm (l 1 ) and matrix elements of finite transformations of the proper Lorentz group
where tanh α = p/ √ M 2 c 2 + p 2 , and I 03 is the infinitesimal operator of the group L ↑ + . The explicit form of the matrix elements of finite transformations of the group L ↑ + for infinite-dimentional unitary irreducible representations, denoted by pairs of numbers (l 0 , ν), is found in Ref. [13] . The reasonings and the results of this work are also valid for the finite-dimentional irreducible representations interesting for us. To keep the exact contents of notation used by us, it is necessary to put ν = il 1 . To consider the question of convergence of this or that series (18), it is sufficient to know the asymtotic behaviour at l 1 → +∞ of the matrix elements of interest. We have
where the quantity T 0 does not depend on the number l 1 . Below, we discuss the mass spectra in two variants of spontaneous breaking of the secondary symmetry: (1) it is caused by one bosonic ISFIR-class field (in this case, index i will be omitted everywhere); (2) it is caused by two bosonic fields. In the variant (1), we consider separately three essentially different regions of the values of the parameter z: (−∞, −2], (−2, 2), and (2, +∞). In the variant (2), the consideration is only given for the region z 1 ∈ (2, +∞), z 2 ∈ (−2, 2).
Empty mass spectrum in the parameter region z ∈ (−2, 2]
In a situation when the secondary symmetry of the theory is broken spontaneously, it is not possible to find solutions of equation (17) neither in the form of elementary or special functions, nor finite or infinite series. Neither it is possible to find analytical formulas for mass spectra of the theory. However, we are able to make a number of conclusions concerning the mass spectra on the basis of asymptotic behaviour of some quantities.
Let z ∈ (−2, 2). Then, using formula (16), we have at
where ζ ∈ (0, π), and r 0 is a constant. From here and from equation (17) we obtain at l 1 → +∞
In the formula (21) [a] is the integer part of the number a, and the quantities A 0 and B 0 do not depend on l 1 . On the basis of this asymtotic behaviour, it is easy to show, that, at α = 0, the terms of the series (18) grow at l 1 → +∞, irrespective of whether the quantity A 0 is equal to zero or not at a given value of M. Hence, if z ∈ (−2, 2), then, at any values of the quantity M, the solution of equation (17) can never satisfy the condition of finiteness of the amplitudes (7), i.e. the mass spectrum is empty.
Characteristics of the mass spectra in the parameter region z ∈ (−∞, −2]
As the inequalities w < −1 and −1 < u < 0 are valid in the region z ∈ (−∞, −2), then we have from the equality (16) and the equation (17) at l 1 → ∞ r(l 1 ) = r 0 w
If the quantity A 0 is not equal to zero at some value of M, then, obviously, the condition (7) cannot be fulfilled. If A 0 = 0 at some value of M, the terms of the series (18) have the following asymptotic behaviour (
The ratio of two successive terms of this series tends to zero in the limit l 1 → +∞. Hence, at the discussed value of M, the considered series (18) converges, that is equivalent to the fulfilment of the condition (7) .
So, for all z-parameter values from the region z ∈ (−∞, −2) and for both variants of the theory expressed by the relations (11) and (12), the mass spectrum is discrete, if it is not empty.
A similar statement is valid also for z = −2. It is easy to get convinced of it, having taken into account that in this case r(l 1 ) = r 0 (−1) l 1 +1/2 l 1 and an analogue of the relation (24) holds with G(l 1 ) = v
Prove now, that, in the region z ∈ (−∞, −2], the set of all masses of the theory is restricted from below by some positive number. For this it is enough to specify such a number µ 0 > 0, that, for the set of values of M which satisfy the restriction |M| ≤ µ 0 , the field components χ lm (l 1 ) are not arbitrarily small at large enough values of l 1 .
Using the formula (16), we find, that, in the region z ≤ −2, the quantity |r(l 1 )| grows monotonically with l 1 , and the function of half-integer argument r(l 1 ) is sign-varying: r(l 1 + 1)/r(l 1 ) < 0. Let µ 1 = |r(3/2)/c 0 | and |M| ≤ µ 1 /2. Then for both variants of the function D(j) (11) and (12) (17), it gives the required inequality
Henceforth, for the sake of convenience, we will be using different relations between the normalization constants, thus arriving at different mass units. If r(3/2)/(2c 0 D(1/2)) = ±1 (the plus and minus signs refer to relations (11) and (12) correspondingly, they are chosen so that the lowest levels of particles with the spin 1/2 had the spatial parity +1), then we introduce the notation M c = |M|. Any number of the lower values of the mass M c can be found with the help of numerical methods. In accordance to what is proved above, only the region M c > 0.5 is subject to consideration. To find all the points of spectrum in the region of interest of M c and z at the given spin l, it is sufficient to search for points M c at which, at a fixed z, the quantity A 0 in formula (24) is equal to zero but which is not a minimum nor a maximum. Then, obviously, at large enough values of l 1 , the quantity χ lm (l 1 ) changes its sign in any small vicinity of the specified points of a mass spectrum. It serves as an algorithm of the numerical solution of the task about masses. By analyzing the dependence of any two neighboring points of the mass spectrum on the parameter z, we can learn whether there exist the value z 0 such that these points become as much as close to each other when tending to z 0 from the same side, but that they never appear at the other side of z 0 . If such a number z 0 exists, then the limiting value of the two specified points will be just the value of M c -mass at which the quantity A 0 has zero value and the extremum. In the beginning, we note some characteristics of the mass spectrum of the theory with the double symmetry generated by the axial 4-vector representation of the orthochronous Lorentz group (relation (12) corresponds to this case). At first, the mass spectrum is nonempty, if the spatial parity of l-spin particles is equal to (−1) l−1/2 , and is empty, if the parity is equal to (−1) l+1/2 . At the second, among the mass lines there are such pairs which break, flowing together in some common limiting points at z 0 < −2, and there are such single lines which exist in the whole region z ∈ (−∞, −2]. At the third, at least for all z from the region (−∞, −2.1), the mass spectrum levels have identical ordering connected with the spin. It is such as is, for example, at z = −2.645, when the lower masses M c and the corresponding spin and parity l P values are: 1.982( − ). The masses of the lowest levels with a given spin grow with spin somewhat faster than a geometrical progression. Several mass levels with same spin taken in succession are close to a geometrical progression. Although in the given example the ratio of the masses of the lowest levels with spin and parity resonances [14] . At the fourth, for the parameter values close to z = −2, the ordering of the mass spectrum levels connected with the spin changes with z. So, at z = −2, the lower levels M c (l P ) are: 9.506( From among the characteristics of the mass spectrum of the theory with the double symmetry generated by the polar 4-vector representation of the group L ↑ (relation (11) corresponds to this case), we point out the following. Firstly, the particles of all spin values have the same spatial parity +1. Secondly, the set of all mass lines divides into such pairs which break at z 0 < −2 flowing together. Thirdly, the masses of the lower levels with two consecutive spins, if they exist for a given z from the considered region, differ from each other by at least one order of magnitude, that, obviously, does not correspond to a picture with baryonic resonances.
5. Characteristics of the mass spectra in the parameter region z ∈ (2, +∞)
As the inequalities u > 1 and 0 < w < 1 are satisfied in the region z ∈ (2, +∞), then the formulas (23)-(25) and the subsequent reasoning on the fulfilment of the condition (7) are valid if to replace w with u and vice versa. The conclusion follows, that for all values of z ∈ (2, +∞), in both variants of the theory described by the relations (11) and (12) , the mass spectrum is discrete, if it is not empty.
From the relation (16) we obtain, that, in the region z > 2, the quantity r(l 1 )/r(3/2) is positive and monotonically grows with l 1 . It gives together with equation (17) the inequality |χ lm (l 1 )| > (1 + 1/(l 1 − l))|χ lm (l)| at l 1 > l for all l and for all M from the region |M| ≤ µ 1 /3, where µ 1 = |r(3/2)/c 0 |. Hence, in the specified region of M, the series (18) diverge, the condition (7) is not fulfilled, the mass spectrum points are absent, i.e. the mass spectrum is limited from below.
In Figs. 3 and 4 , reffering to formulas (11) and (12) accordingly, the dependence of the lower mass levels on the parameter z is represented for spins 1/2, 3/2, 5/2, and 7/2 and the spatial parity +1 and −1. In both variants of the theory at z → 2 + 0, the masses M c on all the lines tend to unity. At any value of z > 2, the masses of several lower levels with consecutive spins l and with parities (−1) l−1/2 form approximately a geometrical progression. A similar law also holds for the masses of several consecutive levels with same spin and parity. Therefore, it is impossible to provide a satisfactory quantitative agreement between the lower levels of the theory with one parameter z and the levels of nucleon resonances. An essential distinction between the two variants of the theory consists in the order of relative positioning of the lower levels with two consecutive spin values and with a given parity. To illustrate all this, below we will give numerical examples, in which the ratio of the masses of the lowest levels with l P = 3 2
− and l P = Note some characteristics of the mass spectrum for the variant of the theory with relation (11) . Firstly, the ordering of mass levels connected with spin and parity is identical for all values of parameter z from the region (2, +∞). It is, as is, for example, at z = 2.441, when the lower masses M c and the appropriate spin and parity l P are: 1.595( For the variant of the theory with the relation (12), the ordering of the levels connected with spin and parity can, in general, be different for different z-parameter values. The ordering of the lower levels with definite l P is the same for all z > 2. This ordering is as in the following example where all the levels with M c < 4 calculated at z = 2.261 are given: 1.108( Thus, the double-symmetric theory with one parameter z connected with spontaneous breaking of the secondary symmetry gives as a whole the following qualitative picture for the mass spectra. At any values of z, there is no continuous part of the mass spectrum. If, at some z, the mass spectrum is not empty, then the mass levels are limited from below by a positive number. In the parameter region z > 2, each value of spin and parity corresponds to an accountable set of the masses rising to infinity. The lowest values of the mass levels corresponding to a definite spin grow with the spin. The theory with one parameter z does not give a satisfactory quantitative agreement with the nucleon resonance levels.
6. Comparison of the mass spectrum of the theory with two parameters z i to the nucleon resonance levels
The general situation with the mass spectra of the theory, in which two bosonic ISFIR-class fields with nonzero vacuum expectation values of their scalar (with respect to the group L ↑ ) components are present, is rich enough in various variants. We pay some attention to only one variant which is intended for quantitative comparison of the theoretical mass spectrum to the nucleon resonance levels and is described below.
In the following, we consider the theory with the double symmetry generated by the polar 4-vector representation of the orthochronous Lorentz group (the relation (11) corresponds to this case). At the presence of two parameters z i , the quantity r(l 1 ) from equation (19) can be written in the form r(l 1 ) = f 0 q 1 (
where q i (1/2, l 1 ) depends on z i and is given by the formula (16). It is obvious that in such a theory, besides the normalization constant f 0 /c 0 , there are three free parameters: z 1 , z 2 and f 2 . We choose the following restrictions on them: z 1 > 2, |z 2 | < 2, |f 2 | < 1.
In the given parameter region, the quantity |q 1 (1/2, l 1 )| monotonically grows with l 1 , and the quantity q 2 (1/2, l 1 ) oscillates with decreasing amplitude. The quantities r(l 1 ) and f 0 q 1 (1/2, l 1 )/q 10 have identical signs for all l 1 and can appreciablly differ from each other only at lower values of l 1 . The parameter z 2 does not influence the asymptotic behaviour of the quantities r(l 1 ) and χ lm (l 1 ) at l 1 → +∞. Formulas (23)-(25) are valid if w is replaced with u 1 , and the conclusions about the mass spectra following from these formulas are also valid. Thus, in the considered variant of the theory with two parameters z 1 and z 2 , in comparison with the variant of the theory with one parameter z 1 , only the We hope, that during new researches of the ISFIR-class field theory a more complete understanding of the task about the correspondence between the theoretical and experimental mass spectra of particles will appear also. First of all we think it necessary to find out the general properties of electromagnetic interactions of a particle with l P = (1/2) + , corresponding to the ground fermionic state of the theory.
